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Abstract 
A review will be given of the analysis of mixed mode delamination failure in composites and adhesive joints.  There will be 
discussion of the issue of mode II failure and how it occurs only in laminates.  In homogenous material mixed mode loading results 
in local mode I failure by the crack kinking.  If the crack is constrained in its path, as in laminates, then an apparent mode II failure 
occurs consisting of a series of local mode I micro cracks.  This has a rough surface and, in mode II (shear) does not open leading 
to an increased surface area and friction.  This apparent mode II fracture, and its mixed mode variants, gives higher toughness 
values than in mode I.  
 
Measuring these mixed mode toughness values presents significant experimental problems but standard protocols have been 
developed to give reliable values and hence failure loci for mixed mode failure.  It is a feature of such data that any mode II 
components gives significant scatter so there is inherent uncertainty present.   
 
The prediction of the mode mix in any configuration also presents significant problems.  For elastic failures without damage there 
is a established solution arising from the stress singularities at the crack tip and effects of this are usually present when there is 
damage.  However prediction of the mode mix depends on the form of the damage and is load level dependent.  There are 
approximate ways of determining this mode mix which will be described but numerical calculations are often needed  
 
With this background in mind the practical value, in terms of refining design methods, by using such analyses will be discussed.  
 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of INEGI - Institute of Science and Innovation in Mechanical and Industrial Engineering.  
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1. Introduction 
Mixed mode loading of cracks was analysed at the inception of fracture mechanics [1, 2].  The most usual fracture 
type to be considered is the opening mode I which results from stresses normal to crack.  It was realised, however, that 
cracks could be loaded in shear as illustrated in figure 1a which shows a notched plate with a central crack at an angle 
T to the loading direction.  Resolving the applied stress, V, normal and parallel to the crack we have, 
 
ɐ୬ൌɐଶɅ  and  ɐୱൌɐɅɅ (1) 
 
Thus the mode I loading is via Vn and is 
 
୍ ൌ ɐ୬ξɎ ൌ ɐξɎଶɅ ൌ ଶɅ  
and in shear  
୍୍ ൌ ߪ௦ξɎ ൌ ɐξɎɅɅ ൌ ɅɅ  
 
where ୍ and ୍୍ are the stress intensity factors.  The energy release rates are  

୍ൌ ୏౅
మ
୉ ൌ
ǤସɅand 
୍୍ ൌ 
ଶɅଶɅ, where 
ൌɐଶɎ, 
 
The “mixity ratio” is given by  
׎ൌ ୍୍୍ ൌɅ 
 
and give pure mode I, ୍୍ ൌ Ͳ at ߠ ൌ Ͳ and tends to pure mode II, ׎ ՜ λ, as ߠ ՜ గଶ.  
 
This has been quite a popular test with which to explore mixed mode loading [2] but in homogeneous materials, it 
never gives mixed mode fracture since the crack kinks at failure and forms a local mode I crack as showing in figure 
1a. It seems to be impossible to produce anything other than a mode I failure in such situations.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a)      b) 
Figure 1. The angled Crack Test. 
 
However, if a specimen is made in two parts and joined with an adhesive layer, as shown in figure 1b, then the 
crack will proceed in a series of mode I kinks giving a pseudo mixed mode fracture. It is such apparent mixed mode 
fractures which do occur in adhesive joints and composite delaminations. Such cracks always give toughness values 
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greater than mode I because of the increased fracture surface area and, for high mode II content, frictional effects.  
Such increases arise from multiple brittle cracks and if the adhesive, or composite material has local ductility, then 
colinear cavitation can occur.  In such cases, which arise with tough polymers the toughness is mostly independent of 
mixity [3] and the need for mixity analysis is lost. 
 
The angled crack specimen is not convenient and most tests, and indeed most practical failures, occur in bending 
situations.  Thus the analysis discussed here will be beams loaded by bending moments.   
 
2. General Analysis 
 
Figure 2. General moment loaded Laminate (b is the width). 
 
      Figure 2 shows an asymmetric cracked laminate or adhesive joint loaded by unequal moments.  By taking the 
change in overall energy when the delamination moves the total energy release rate is given by,  
ܩ ൌ  ͸ଷ ൬

൰
ଶ
൤൬ͳ െ ͳሺͳ ൅ ɀሻଷ൰ െ
ʹ
ሺͳ ൅ ɀሻଷ ൅ 
ଶ ൬ ͳɀଷ െ
ͳ
ሺͳ ൅ ɀሻଷ൰൨ (2) 
 
If ܩ ൌܩ௖for all mode partitions then equation (2) constitutes a complete failure criteria, as mentioned previously.  
G may be partitioned into modes I and II by means of moments MI and MII such that, 
 ൌ ୍ ൅ ୍୍ and  ൌ െɉଶ୍ ൅ ɉଵ୍୍, where ɉଵǡଶ are, in general, functions of J.  Thus we have, 
 
୍ൌ ஛భ୑஛భା஛మ ቀͳǦ
୩
஛భቁ and  ୍୍ ൌ 
஛మ୑
஛భା஛మ ቀͳ ൅
୩
஛మቁ 
(3) 
 
We may now write expressions for GI and GII in terms of MI and MII in the same manner as for G;  
 

୍ൌ ଺୉୦య ቀ
୑౅
ୠ ቁ
ଶ ቂͳ൅ ஛మమஓయ Ǧ
ሺଵǦ஛మሻమ
ሺଵାஓሻయ ቃ and 
୍୍ ൌ 
଺
୉୦య ቀ
୑౅౅
ୠ ቁ
ଶ ቂͳ ൅ ஛భమஓయ െ
ሺଵା஛భሻమ
ሺଵାஓሻయ ቃ 
 
and substituting from equations 3 we have, 

୍ ൌ 
͸
ଷ ൬

൰
ଶ
ቈͳ ൅ ɉଶ
ଶ
ɀଷ Ǧ
ሺͳǦɉଶሻଶ
ሺͳ ൅ ɀሻଷ቉ ൬
ɉଵ
ɉଵ ൅ ɉଶ൰
ଶ
൬ͳ െ ݇ߣଵ൰
ଶ
 
 

୍୍ ൌ 
͸
ଷ ൬

൰
ଶ
ቈͳ ൅ ɉଵ
ଶ
ɀଷ െ
ሺͳ ൅ ɉଵሻଶ
ሺͳ ൅ ɀሻଷ ቉ ൬
ɉଶ
ɉଵ ൅ ɉଶ൰
ଶ
൬ͳ ൅ ݇ߣଶ൰
ଶ
 
(4) 
 
The two unknown functions ߣଵ and ߣଶ are related by the condition that ܩூ ൅ ܩூூ ൌ ܩ which gives, 
ሺͳ ൅ ߛሻଷ െ ͳ ൌ ቆ൬ͳ ൅ ߛߛ ൰
ଷ
െ ͳቇ ߣଵߣଶ ൅ ሺߣଵെߣଶሻ (5) 
 
By substituting equation 5 into 4 we have, 
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୍ ൌ 
͸
ଷ ൬

൰
ͳ
ሺͳ ൅ ɀሻଷ ሾɀሺɀ
ଶ ൅ ͵ɀ ൅ ͵ሻ ൅ɉଶሿ ൬
ߣଵ
ߣଵ ൅ ߣଶ൰ ൬ͳ െ
݇
ߣଵ൰
ଶ
 
 
and using equation 2; 
 

୍

 ൌ
ሾɀሺɀଶ ൅ ͵ɀ ൅ ͵ሻ ൅ɉଶሿ
ሾɀሺɀଶ ൅ ͵ɀ ൅ ͵ሻ ൅ɉଶሿ െ ʹ ൅ 
ଶ
ɀଷ ሺ͵ɀଶ ൅ ͵ɀ ൅ ͳሻ
൬ ߣଵߣଵ ൅ ߣଶ൰ ൬ͳ െ
݇
ߣଵ൰
ଶ
 (6) 
 
and a similar expression for ୋ౅౅ୋ . 
 
Two cases are of particular importance namely, k = 0 when only the upper arm is loaded and k = -1 when there is 
symmetric loading.  For k = 0, 
 
and for k = -1 
 
[In most cases in this analysis only  ୋ౅ୋ  will be given since  
ୋ౅౅
ୋ ൌ ͳ െ
ୋ౅
ୋ ]. 
 
 
Figure 3. Stresses and displacements. 
 
Solutions for ߣଵ and ߣଶ may be deduced from considering the displacements and stresses beyond the crack tip as 
shown in figure 3.  If the normal and shear stress are ߪ௡ሺݔሻ and ߪ௦ሺݔሻ respectively then the bending displacement 
are;  
ܧ݄ଷ
ͳʹ
݀ଶݓଵ
݀ݔଶ ൌ
ܯ
ܾ െ න න ߪ௡݀ݔǤ ݀ݔ
௫
଴
െ
௫
଴
݄
ʹන ߪ௦݀ݔ
௫
଴
 (9a) 
 
for the upper beam, and for the lower beam, 
 
The GI component may be derived from, 
 
and is the work done by the normal stress and the opening displacement ሺଵ െ ଶሻǤ  Similarly for shear we have 
the shear displacement ୦ଶ
ௗሺ୵భାஓ୵మሻ
ௗ௫  and hence; 

୍

 ൌ ൤ͳ ൅
ɉଶ
ɀሺɀଶ ൅ ͵ɀ ൅ ͵ሻ൨ ൬
ɉଵ
ɉଵ ൅ ɉଶ൰ (7) 

୍

 ൌ ቈͳ ൅
ሺɉଶ െ ͳሻ
ሺɀ ൅ ͳሻଷ ቉ ቆ
ߛଷ
ͳ ൅ ߛଷቇ
ሺͳ ൅ ɉଵሻଶ
ɉଵሺɉଵ ൅ ɉଶሻ (8) 
ߛଷ ܧ݄
ଷ
ͳʹ
݀ଶݓଶ
݀ݔଶ ൌ ݇
ܯ
ܾ ൅ න න ߪ௡݀ݔǤ ݀ݔ
௫
଴
െ ߛ
௫
଴
݄
ʹන ߪ௦݀ݔ
௫
଴
 (9b) 

୍ ൌ න ɐ୬ ቆെ
ሺଵ െ ଶሻ
 ቇ
௟
଴
 ൌ න න ɐ୬ ቆ
ଶሺଵ െ ଶሻ
ଶ ቇ 
୶
଴
௟
଴
 (10a) 
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where l is the zone length for the stresses.  From equations 9 we may define the required displacement functions; 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ൌ ൬ͳ െ
݇
ߛଷ൰
ܯ
ܾ െ ൬ͳ ൅
ͳ
ߛଷ൰න න ߪ௡݀ݔǤ ݀ݔ
௫
଴
െ ൬ͳ െ ͳߛଶ൰
௫
଴
݄
ʹන ߪ௦݀ݔ
௫
଴
 
(11a) 
 
and  
3. The ࢽ ൌ ૚case 
For ߛ ൌ ͳ we have a symmetric geometry and the displacement functions from equations 11 are 
 
Thus the opening displacements are a function of ߪ௡ only and similarly for shear they depend solely on ߪ௦ and there 
is no interaction between ߪ௡ and ߪ௦.  If we assume that ௗ
మሺ௪భି௪మሻ
ௗ௫మ ൌ Ͳ at xൌ ݈ then,  
 
From equation 10a we have, 
 
ܧ݄ଷ
ͳʹ ܩூ ൌ ʹන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
଴
Ǥ න න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
௫
ൌ  ቈන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
଴
቉
ଶ
 
Equation 2 gives;  
ܧ݄ଷ
͸ ܩ ൌ  ൬
ܯ
ܾ ൰
ଶ
ቆ͹ͺ െ
ʹ݇
ͺ ൅
͹݇ଶ
ͺ ቇ 
i.e. 
ܧ݄ଷ
ͳʹ ܩ ൌ  ൬
ܯ
ܾ ൰
ଶ
ቆ͹ െ ʹ݇ ൅ ͹݇
ଶ
ͳ͸ ቇ ൌ ቆ
͹ െ ʹ݇ ൅ ͹݇ଶ
Ͷሺͳ െ ݇ሻଶ ቇቈන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
଴
቉
ଶ
 
 
from equation 13 and hence,  
ܩூ
ܩ ൌ
Ͷሺͳ െ ݇ሻଶ
͹ െ ʹ݇ ൅ ͹݇ଶ (14) 
i.e. independent of ߪ௡Ǥ 
 
Inspection of equation 12 would suggest ɉଵ ൌ  ɉଶ ൌ ͳ which is a solution of equation 5 and substituting into 
ܩூூ ൌ න ɐୱ

ʹ
௟
଴
ଶሺଵ ൅ ɀଶሻ
ଶ  (10b) 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ ൅ ߛݓଶሻ
݀ݔଶ ൌ ൬ͳ ൅
݇
ߛଶ൰
ܯ
ܾ െ ൬ͳ െ
ͳ
ߛଶ൰න න ߪ௡݀ݔǤ ݀ݔ
௫
଴
െ ൬ͳ ൅ ͳߛ൰
௫
଴
݄
ʹන ߪ௦݀ݔ
௫
଴
 
11b) 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ൌ ሺͳ െ ݇ሻ
ܯ
ܾ െ ʹන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௫
଴
 
and 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ ൅ ݓଶሻ
݀ݔଶ ൌ ሺͳ ൅ ݇ሻ
ܯ
ܾ െ ݄න ߪ௦݀ݔ
௫
଴
 
(12) 
ሺͳ െ ݇ሻܯܾ ൌ ʹන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
଴
 
and 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ൌ ʹන න ߪ௡݀ݔǤ ݀ݔ
௫
଴
௟
௫
 
(13) 
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equation 6 gives equation 14. This is a crucial result since the mode partitioning is independent of whatever 
mechanisms are operating at the crack tip and is determined solely by the moment ratio k.  
 
For ݇ ൌ Ͳ,  ୋ౅ୋ ൌ 
ସ
଻ ൌ ͲǤͷ͹ͳ and for ݇ ൌ െͳ,  
ୋ౅
ୋ ൌ ͳ, i.e. pure mode I.  For ݇ ൌ ͳ,  
ୋ౅
ୋ ൌ Ͳ i.e. pure mode II and 
so by varying k between -1 and 1 and measuring Gc a complete locus of fracture may be found without any reference 
to the particular fracture process involved.   
 
4. Special Cases 
The comparison of equation 4 and 11 suggest that ߣଵ ൌ ߛଷ and ߣଶ ൌ ߛଶ.  This pair is not a solution of equations 5 
which gives the pairs ߣଵ ൌ ߛଷ,  ߣଶ ൌ ͳ and ߣଵ ൌ  ఊ
మሺఊାଷሻ
ሺଷఊାଵሻ  , ߣଶ ൌ ߛ
ଶ. The expressions for ீ಺ீ  for these pairs may 
be derived from equation 6 and are;  
 
and 
 
ቀீ಺ீ ቁீ  is the global partitioning solution given by Williams [4] and ቀ
ீ಺
ீ ቁ௅is the solution given by Wang and Harvey 
[5].  For ߛ ൌ ͳ  both give equation 14 as expected.  The results may also be derived from equations 10 and 11.  If 
ߪ௦ ൌ Ͳ then  ீ಺ீ   may be derived in the same manner as the ߛ ൌ ͳ case and the solution is equation 15a, i.e. 
independent of the form of ߪ௡.  It is of note and ீ಺ீ ൌ ͳ at ߛ ൌ λ but decreases with ߛ indicating a shear component 
from the geometry as in the ߛ ൌ ͳ case. If ߪ௡ ൌ Ͳ then equation 15b is retrieved with ீ಺ீ ൌ 
ଵ
ସ  at ߛ ൌ λ giving a 
mode I component even though ߪ௡ ൌ Ͳ.  
 
These two results constitute upper and lower bounds in which ߪ௡ is dominant; ቀீ಺ீ ቁீ  and ߪ௦ is dominant; ቀ
ீ಺
ீ ቁ௅.  The 
results for k = 0; i.e. 
 
are shown as functions of ߛ in figure 4.  It should be noted that these solution have symmetry about ߛ ൌ ͳ in that 
൬ܩூܩ ൰ఊୀஶ ൅ ൬
ܩூ
ܩ ൰ఊୀ଴ ൌ ͳ 
 
൬ܩܫܩ ൰ܩ ൌ
ߛ͵ሺͳ ൅ ߛሻ͵
ሺߛ͵ ൅ ͳሻ߁ሺߛሻ Ǥ ൬ͳ െ
݇
ߛ͵൰
ʹ
ǡ ߁ሺߛሻ ൌ ߛሺߛʹ ൅ ͵ߛ ൅ ͵ሻ െ ʹ݇ ൅ ݇
ʹ
ߛ͵ ሺ͵ߛ
ʹ ൅ ͵ߛ ൅ ͳሻ (15a) 
൬ܩܫܩ ൰ܮ ൌ
ߛሺ͵ ൅ ߛሻʹ
Ͷ߁ሺߛሻ Ǥ ቆͳ െ
ሺ͵ߛ ൅ ͳሻ݇
ߛʹሺߛ ൅ ͵ሻቇ
ʹ
 (15b) 
൬ܩܫܩ൰ܩ ൌ
ߛʹሺߛ ൅ ͳሻ͵
ሺߛ͵ ൅ ͳሻሺߛʹ ൅ ͵ߛ ൅ ͵ሻ 
and  
൬ܩܫܩ൰ܮ ൌ
ሺ͵ ൅ ߛሻʹ
Ͷሺߛʹ ൅ ͵ߛ ൅ ͵ሻ 
(16) 
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Figure 4. Bounds for ቀீ಺ீ ቁ, k = 0 and singular solution. 
5. The singular solution 
The k = 0 case has been solved for the singular stress fields in which there is no damage zone [6].  It was noted that 
for ߛ ൌ ͳ, ቀீ಺ீ ቁ ൌ ͲǤͷ͹ͳ so that if ߛ ൐ ͳ the unloaded lower arm was unlikely to have a large effect and the solution 
would not be far from this value.  A numerical solution gave ቀீ಺ீ ቁఊୀஶ ൌ ͲǤ͸ʹͷ and ቀ
ீ಺
ீ ቁఊୀ଴ ൌ ͲǤ͵͹ͷ i.e. symmetric 
as above.  Intermediate values are between the bounds as given in equation 16. Clearly a simple average of the two 
solutions gives the correct values at ߛ = 0, 1 and infinity but intermediate values require a modified ߣଶ function. 
Substituting for ߣଵ from equation 5 in equation 7 gives  
 
൬ܩூܩ ൰ ൌ 
ͳ
ͳ ൅ ͵ሺͳ ൅ ߛሻସߛଶ ൤
ߣଶߛሺߛଶ ൅ ͵ߛ ൅ ͵ሻ ൅ ߣଶ൨
ଶ (17) 
and we may write ߣଶ as, 
ߣଶ ൌ ߛଶ ൬
݊ ൅ ߛ
ͳ ൅ ݊ߛ൰ (18) 
 
For ߛ ՜ λ, ቀீ಺ீ ቁஶ ൌ
௡మ
ଷା௡మ and for ߛ ՜ Ͳ, ቀ
ீ಺
ீ ቁ଴ ൌ
ଷ
ଷା௡మ, i.e. symmetric and for the singular case, ቀ
ீ಺
ீ ቁஶ ൌ
ହ
଼ and ݊ ൌ
ξͷ.  (for the shear case ቀீ಺ீ ቁ௅ ǡ ݊ ൌ ͳ and for ቀ
ீ಺
ீ ቁீ ǡ ݊ ՜ λ).  Table 1 shows results of Hutchinson and Sou [6] 
together with those for ݊ ൌ ξͷ indicating errors of <1%.  
 
Table 1 
J ቀܩܫܩ ቁܵ [6] ൬
ܩܫ
ܩ ൰݊ൌξͷ 
0 0.375 0.375 
0.5 0.534 0.529 
1 0.571 0.571 
2 0.592 0.597 
f 0.625 0.625 
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The line for the singular solution ቀܩܫܩ ቁܵ  is also shown in figure 4.  
 
6. A linear Damage Zone Solution 
A useful result is obtained by modelling the damage zone stresses as,  
ɐ୬ ൌ ߪത௡ ቀ୶௟ቁ and ɐୱ ൌ ߪത௦ ቀ
୶
௟ቁ (19) 
 
From equation 11a we have (for k = 0), 
 
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ൌ
ܯ
ܾ െ ൬ͳ െ
ͳ
ߛଷ൰ ߪ௡തതത
ݔଷ
͸݈ െ ൬ͳ െ
ͳ
ߛଶ൰ ߪ௦ഥ
݄
Ͷ
ݔଶ
݈  
 
and putting ௗ
మሺ௪భି௪మሻ
ௗ௫మ ൌ Ͳ atݔ ൌ ݈ 
 
ெ
௕ ൌ ቀͳ ൅
ଵ
ఊయቁ
ఙ೙തതതത
଺ ቀ݈ଶ ൅
ଷ௑಺
ଶ
ఙೞതതത
ఙ೙തതതത ݄݈ቁ  where, ூܺ ൌ 
ఊ൫ఊమିଵ൯
ሺఊయାଵሻ  
 
(20) 
 
From equation 2 we have,  
ܧ݄ଷ
͸ ܩ ൌ  ൬
ܯ
ܾ ൰
ଶ ߛሺߛଶ ൅ ͵ߛ ൅ ͵ሻ
ሺͳ ൅ ߛሻଷ  
and on substituting for ெ௕  in equation 20, 
Ɍଶ ൅ ͵ʹ୍ ൬
ɐୱതതത
ɐ୰ഥ ൰ Ɍ െ ଶ
଴ǤହǤ Ɍҧ଴Ǥହ ൌ Ͳ (21) 
 
where Ɍ ൌ  ௟௛ ǡଶ ൌ ቂ
ଵଶ஠ஓఱሺଵାஓሻయ
ሺଵାஓయሻమሺஓమାଷஓାଷሻቃ and  Ɍҧ ൌ
୉ୋ
ଶ஠஢ഥ౤మ୦ 
 
Thus in this solution there is a damage zone length l determined by the plastic zone size ୉ୋଶ஠஢ഥ౤మ
 .  (the ʹɎ is introduced 
here to give parity with the singular solution). Ɍ increases as G increases and  
 
Ɍ ൌ ͳʹ ቎െ
͵
ʹ୍ ൬
ɐୱതതത
ɐ୰ഥ ൰ ൅
ඨͻͶ
ଶ୍ ൬ɐୱതതതɐ୰ഥ ൰
ଶ
൅ Ͷଶ଴ǤହɌҧ଴Ǥହ቏ ǡɌ ൐ Ͳ 
 
For large values of Ɍҧǡ i.e. high loads 
Ɍ ՜ ܺଶ଴ǤଶହɌҧ଴Ǥଶହ (22) 
 
The mode I component may be deduced from equation 10a, 
i.e. 
ܧ݄ଷ
ͳʹ ܩூ ൌ න
ߪത௡ݔଶ
ʹ݈ ቆ
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ቇ݀ݔ
௟
଴
 
and  
ܧ݄ଷ
ͳʹ
݀ଶሺݓଵ െ ݓଶሻ
݀ݔଶ ൌ ൬ͳ ൅
ͳ
ߛଷ൰
ߪത௡
͸݈ ሺ݈
ଷ െ ݔଷሻ ൅ ൬ͳ െ ͳߛଶ൰
ߪത௦݄
Ͷ݈ ሺ݈
ଶ െ ݔଶሻ 
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On integrating we have, 
ሺͳʹɎሻ 
ʹɎɐഥ୬ଶ ൌ ൬ͳ ൅
ͳ
ߛଷ൰ ൤Ɍ
ସ ൅ ͸ͷ ூܺ ൬
ߪ௦ഥ
ߪ௡തതത൰ Ɍ
ଷ൨ (23) 
 
Equation 21 may be written as, 
ܺଶ
ܧܩ
ʹߨߪത௡ଶ݄ ൌ ൤Ɍ
ଶ ൅ ͵ʹ ூܺ ൬
ߪ௦ഥ
ߪ௡തതത൰ Ɍ൨
ଶ
 
and on dividing equation 23 by this, 
൬ܩூܩ ൰ ൌ
ܺଶ
ͳʹߨ ൬ͳ ൅
ͳ
ߛଷ൰
Ɍ ቂɌ ൅ ͸ͷ ூܺ ቀ
ߪ௦ഥߪ௡തതതቁቃ
ቂɌ ൅ ͵ʹ ூܺ ቀ
ߪ௦ഥߪത௡ቁቃ
ଶ  
Now 
ܺଶ
ͳʹߨ ൬ͳ ൅
ͳ
ߛଷ൰ ൌ
ߛଶሺͳ ൅ ߛሻଷ
ሺߛଷ ൅ ͳሻሺߛଶ ൅ ͵ߛ ൅ ͵ሻ ൌ ൬
ܩூ
ܩ ൰ீ 
 
i.e. 
൬ܩூܩ ൰ ൌ ൬
ܩூ
ܩ ൰ீ 
Ɍ ቂɌ ൅ ͸ͷ ூܺ ቀ
ߪ௦ഥߪത௡ቁቃ
ቂɌ ൅ ͵ʹ ூܺ ቀ
ߪ௦ഥߪത௡ቁቃ
ଶ  24 
 
The case for ߪത௡ ൌ ߪത௦ is given as an example in Table 2 with two values Ɍҧ ; i.e. 1 and 81 giving Ɍҧ଴Ǥଶହ ൌ ͳܽ݊݀͵. 
 
Table 2 
 Ɍҧ଴Ǥଶହ ൌ ͳ Ɍҧ଴Ǥଶହ ൌ ͵ 
ߛ Ɍ ൬ܩூܩ ൰ ൬
ܩூ
ܩ ൰ே 
Ɍ ൬ܩூܩ ൰ ൬
ܩூ
ܩ ൰ே 
10 1.8 0.50 0.67 6.7 0.79 0.88 
5 1.8 0.51 0.67 6.7 0.79 0.87 
2 1.9 0.56 0.64 6.6 0.78 0.82 
0.5 1.2 0.31 0.40 3.0 0.20 0.21 
0.2 0.45 0.07 0.13 1.0 0.03 0.03 
0.1 0.21 0.02 0.06 0.4 0.01 0.01 
 
ቀீ಺ீ ቁே are FEA values [7]. 
Ɍҧ ൌ ͳ, E = 75GPa, ߪത௡ ൌ ߪത௦ ൌ Ͷͷܯܲܽ G = 500Jm-2, h = 3mm.  
Ɍҧ ൌ ͺͳ, E = 200GPa, ߪത௡ ൌ ߪത௦ ൌ ʹͲܯܲܽ G = 3000Jm-2, h = 3mm.  
 
The values used are listed in the Table and are taken from [7] where an ABAQUS, FEA analysis was performed.  The 
range of values are likely to be encountered in practice.  ቀீ಺ீ ቁ and Ɍ are calculated from equations 21 and 24.  The data 
are also shown in figure 5 along with ቀீ಺ீ ቁீ, ቀ
ீ಺
ீ ቁௌ and ቀ
ீ಺
ீ ቁ௅.  It should first be noted that these solutions are not 
symmetric in that ீ಺ீ ൌ Ͳ for all ቀ
ீ಺
ீ ቁஶ values.  For Ɍҧ ൌ ͺͳ the solutions are similar to ቀ
ீ಺
ீ ቁீ especially at low ߛ.  For 
high ߛ  the FEA results are above those of the model which may be attributed to the effect of the singularity 
contributing an increase in the mode I component.  In the Ɍҧ ൌ ͳ case there is a larger singularity effect but a similar 
form in the FEA and analytical results.  
Precise determination of the mixity for these damage zones requires a good deal of information. ߪത௡, ߪത௦ and the form 
of the traction curve.  In addition the mixity changes with load via the zone length so some form of failure locus is 
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also needed to define G (here a particular value was chosen).  It is rare to have all this information so some 
approximation is needed.  Ɍҧ is a good indicator of the likely result so a system based on it may be the best way forward.  
An approximation via Ɍ is given in [7].  
 
 
Figure 5. Linear damage zone solution. 
7. Conclusion 
A good deal of information can be gleaned from the general analysis and in particular the fact that the mixity is known, 
independent of material properties, for any loading system in symmetric specimens ሺߛ ൌ ͳሻ.  The mode II failure is 
usually rather complicated being the product of microcracking and the higher toughness encountered is usually the 
result of surface roughness.  This gives considerable experimental scatter so that failure loci are difficult to define 
even when the mixity is known.  For asymmetric situations the mixity depends on the fracture zone properties and 
loading level and requires a good deal of information.  In elastic fracture with small damage the mixity is independent 
of both properties and load as in the singularity case but such behaviour is not common in composites and adhesives.  
There are many challenges still be be overcome in this problem.  There is, perhaps, a case to be made for the very 
conservative assumptions that G = GIC at fracture so that all the issues may be avoided.   
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